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Pressure Rise in a Liquid Fuel Tank Owing to
Volumetric Heating

W. B. Bush,* F. E. Fendell,t and L. P. MuirheadJ
TRW, Redondo Beach, California

Both the metallic casing and the liquid contents of a partially filled tank of a right-circular-cylinder configuration
are subjected to a volumetric heating that is uniform in time and space, although the case and the liquid are heated
at a different rate. The ullage includes the vapor of the h'quid, and also a fixed amount of an inert gas, present for
purposes of pressurization; the gases are taken not to be subject to heating. A theoretical analysis is undertaken to
predict the increase in pressure in time as a consequence of the heating, which, for example, might arise from the
absorption of an incident particle beam. The increase in pressure is caused by two effects: 1) the differential expansion
of the h'quid and casing as the temperature and pressure increase, and 2) the vaporization of some liquid to maintain
saturation vapor pressure with an increase in temperature. The differential expansion is the mechanism for the large
pressure rise for a small ullage; for a large ullage, the phase change is the more important mechanism, but the
associated pressure rise is generally much smaller.

Nomenclature
a = inner radius of a right-circular-cylinder container
b = outer radius of a right-circular-cylinder container
Cj = heat capacity of phase j (j = 1,2)
cp = heat capacity at constant pressure
(Cp)j = heat capacity at constant pressure of gaseous species

U ='»
cv = heat capacity at constant volume
h(t) = axial extent of the ullage in a right-circular cylinder
k{ = thermal conductivity of the liquid
L[T] = latent heat of vaporization at temperature T
L0 = initial axial extent of the fluid-containing volume of

the right-circular cylinder; also, L[T0]
m(f) — total gaseous mass in the ullage at time /
m(f) = time rate of change of m(f)
mj = molecular weight of gaseous species j (j = i,v)
n — total number of moles of gas
p(t) = pressure at time t
p.(f) = partial pressure of the inert gas in the ullage
pv(f) = partial pressure of the vapor in the ullage
Pv[0] = saturation vapor pressure at temperature 9
Qj — heat addition per mass per time to phase j
R = universal gas constant

fj(t) = temperature at time t of phase j (j = 1,2)
t — time elapsed since onset of heating
«! = rate of regression of the liquid-gas interface in labo-

ratory coordinates
V(t) = fluid-containing volume at time t, gas plus liquid
V (f) = gas-containing volume at time t

S(t) = temperature of the gases in the ullage at time t
0(z,/) = deviation from the temperature of the bulk liquid at

time t

= axial distance
= cplcv
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pi(i)
p2
p.(t)
pv(f)

= density of the liquid
= density of the metallic casing
= density of the inert gas in the ullage at time t
= density of the vapor in the ullage at time t

Subscripts
i = inert gas of the ullage
v •= vapor of the ullage
0 = value at time t = 0, or reference value
1 = liquid
2 = metallic casing

Introduction

WE seek to estimate the increase in time of the pressure in
a partially filled liquid fuel tank in the configuration of a

right-circular cylinder (Fig. 1). The pressure, spatially uniform
to excellent approximation, rises because of a spatially and
temporally uniform volumetric heating. The liquid contents are
heated at a rate p\Q\\ the metallic casing is heated at a rate
p2Q2, where (for specificity) Qi > 62 but QJQ2 = 0(1). This
form of heating approximates that, because of the absorption
of an incident broad particle beam under unfocused operation,
off from the peak of the so-called Bragg ionization curve. l For
the cases to be examined, to satisfactory approximation, nei-
ther the vapor of the liquid, which is initially present at satu-
rated levels, nor the inert gas also occupying the ullage, are
taken to be heated. The particle-beam heating of a medium is
related to the density of the medium. For constant-total-mass
systems in which there is appreciable interphase mass transfer,
such that the ullage becomes an appreciable fraction of the
total volume, neglect of the heating of the gas relative to the
liquid becomes a source of increasing error. For some condi-
tions of possible interest, the gas density becomes 20% of the
liquid density, or more, in extreme limits. Nevertheless, the
convenient neglect of gas-phase heating is retained as justified
in a wide range of interesting conditions. The mass of the inert
gas, present for purposes of pressurization, always is invariant
in time. It may be noted that much of the analysis to follow
could be readily generalized to encompass temporally variant
heating, but that generalization is not explicitly undertaken.
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The pressure rise in time results from two distinct contribu-
tions: 1) expansion of the liquid (in excess of the expansion of
the metallic casing) under heating, such that the ullage is com-
pressed into a smaller volume; and 2) phase transition of the
liquid to vapor, such that saturation of the vapor is maintained
and the pressure increases as a result of the increased vapor
mass in an approximately fixed volume. Since approximate
estimates are sought by simple analysis, only the dominant of
the two mechanisms is considered in each of two cases. Specifi-
cally, it can be confirmed a posteriori that, for the small-ullage
case, the pressure rise in time is primarily caused by expansion
of the heated liquid, and phase transition contributes but a
modest correction; for the large-ullage case, pressure rise is
primarily caused by phase transition, and any expansion of the
heated liquid (or of the ullage volume, for that matter) may be
ignored. What is ignored as of negligible consequence in both
cases is the possible dissociation of the vapor into a larger
number of moles with an increase in temperature.

Implicit in the stratification of the phases depicted in Fig. 1
is that the heating occurs under normal gravity. For cases of
interest here, the temperature rises in the solid and liquid to a
few hundred degrees Kelvin above ambient over an interval of
about 10 s. Thus, radiative heat transfer (e.g., from the solid to
the surrounding air) is negligible, and free-convective bound-
ary layers have limited opportunity to become established and
convey heat from the solid to the air.2'3 In addition, the ratio of
radii (bid) is such that any heat transfer from the outer portion
of the metallic casing to ambient air has little consequence on
the heat transferred from the casing to the contained liquid.
There is only a small amount of heat transferred from the
(normally hotter) casing to the liquid via a thin natural-convec-
tion boundary layer, and any such transfer results in slightly
hotter fluid at the top of the liquid to counteract the local
consequence of evaporative cooling.

Pressure Rise from Differential Expansion:
The Small-Ullage Case

For the case in which the axial extent of the ullage is much
smaller than the depth of the liquid in the tank, the differential
expansion with the temperature rise of the liquid contents and
of the metallic casing under heating results in a "crushing" of
the ullage to a still smaller volume. This section is devoted to
the approximate examination of this case under the convenient
idealizations that 1) the temperature is spatially uniform (but
temporally varying) in the gas and the liquid, and 2) no inter-
phase mass transfer occurs.

The thermal dirTusivity of most metals far exceeds that of
most gases, and, in turn, the thermal diffusivity of most gases
far exceeds that of most liquids; here, the thermal dirTusivity of
both liquid and gas is approximated as zero, such that the
temperature of the gas, in general, need not be equal to the
temperature of the liquid. One expects that the approximation
of spatial uniformity may be more suitable for the liquid, which
in fact, experiences axial thermal gradients over a quite thin
(although growing) thermal boundary layer contiguous to the
two-phase interface, than for the gas. The thermal boundary
layers in the gas typically are thicker than for the liquid, and,
as the volume of ullage is reduced, finite thermal gradients
(owing to a near-top-wall thermal boundary layer and to a
near-two-phase-interface thermal boundary layer) may arise
across the entire gas phase. Temperature nonuniformity at the
lateral interface between the liquid and solid is discussed
subsequently.

If pfc) denotes the pressure of the inert gas introduced for
pressurization and pv(f) denotes the pressure of the vapor, then
if both gases are taken to ideal gases,

(1)

(2)

where n,(f) is the number of moles of gas j. In this section, nv
as well as nt are constant at their initial values. Following
Dalton's law,

If subscript 0 denotes initial value, then

P(t)j(t)
Po 0o

(3)

(4)

since the total number of moles is held constant in assessing the
pressure rise owing to differential expansion of the liquid (rela-
tive to the metallic casing). It is taken that x0, /?0> #o> and VQ are
given, where V0 is the initial volume of the entire tank.

The initial state is in thermodynamic equilibrium, with the
initial gas temperature 90 equal to the liquid temperature 7^(0);
therefore,

(5)

where Pv is the saturation vapor pressure of the liquid species,
an empirically known functional of the temperature usually
excellently represented4 by the following (where, often, taking
C = 0, D=Q suffices):

pv[0\ = AOD exp[C0 - (6)

Thus, from 00, one finds (/Oo> whence («y)0, and nQ. One may
use Eqs. (5) and (6) at later times to suggest when condensa-
tion of vapor, ignored in the analysis, in fact, might be occur-
ring.

At any time t, the volume of the container is given by [if T2(t)
denotes the temperature in the solid]

V(f) = VQ{\ + a2[T2(/) — r0]} (7)

where the volume expansivity a2 of the container is approxi-
mated as constant over the range of thermodynamic states of
interest, and, by definition,

1 (dV\
= -77 ^T^o \dT2Jp

(8)

The solid (as well as the liquid and the gas) is taken to be at the
(known) temperature T0 = 00 initially. It is estimated that, for
the pressure rise of interest here, the pressure-induced expan-
sion of the volume of the container is negligible, and such a
term does not appear in Eq. (8). In fact, o^^SxlO" 5 ^" 1 ,

<L -

PvVg=nvRB

CASING-
Fig. 1 Schematic of the cylindrical fuel tank. The ullage is not directly
heated.
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and thermal expansivity turns out to be responsible for merely
a 0.5% increase in volume for cases of interest, a small correc-
tion for most purposes, but one that is retained here. Hence, it
is necessary to solve for T2(f).

Because the temperature of the bulk of the solid casing T2 is
not equal to the temperature of the bulk of the liquid 7\( < T2),
a radially diffusing thermal boundary layer exists at the liquid-
solid interface. In time, this growing boundary layer vitiates the
simplification of the spatially homogeneous core in the bulk of
the liquid. A singular-perturbational treatment5 of this phe-
nomenon carefully establishes what is not readily evident from
a separation-of-variables treatment, namely that the bulk of
the fluid remains spatially homogeneous over the limited time
interval of interest.

The expansion of the liquid under heating compresses the
ullage, as opposed to expanding the container; therefore, if a
denotes the (approximately constant) radius of the cylindrical
tank, then

where L0 is the initial height of the container, h(t) the axial
extent of the ullage with /z(0) = /*0, and [L0 — h(t)} the approxi-
mate depth of the liquid. It follows that

XQ = h0/L0 (10a)

(lOb)

The extent of the ullage at time t depends on the differential
expansion of the solid and (the consequence of thermal and
pressure effects) on the remaining liquid. If p denotes density,
since subscript 1 refers to the liquid and subscript 2 refers to the
solid casing,

- L0{i (iia)

so, if mv is the molecular weight of the vapor, the vapor density
is

In general, the density of the liquid is given by an equation of
state of the form

- u+
where

Pi(7Wo)

_
Pi(TQ9pQ) _ Jr,

(12)

(13)

(14)

More generally, one uses r0-» rref, p0^Pref in Eq. (12) be-
cause o^ and ̂  may not be approximated adequately as con-
stants over the range of states of interest.

To permit the solution of p(f), one notes that the tempera-
ture of the bulk liquid 7\(r) owing to the heating Ql9 and the
temperature of the bulk solid T2(f) owing to the heating Q2, are
given by

(15a)

(15b)

where c{ and c2 are the (known) heat capacity of the liquid and
of the solid, respectively, each approximated here as a constant

over the range of temperature and pressure of interest. More
generally, one could account for Ci(Tl9p) and c2(T2,p), but these
variations tend to be modest. In writing Eq. (15a), one adopts
the standard excellent approximation that "heat added re-
versibly to liquids is manifested almost wholly as a gain in
internal energy, irrespective of the associated changes in p and
p" (Ref. 6, p. 57); it is recalled that the heat capacities at
constant pressure and at constant volume generally are effec-
tively indistinguishable for a liquid. The temperature of the gas
is taken to be implied by the relation for adiabatic compression

XO (16)

where y is the ratio of heat capacities for the gas mixture.
Explicitly, y = (cp/cv)9 where

(17a)

(17b)Rn/[nvmv

and (cp)v and (cp)f are given functions of temperature only,
approximated here as constants.

For the seven unknowns h(t\ 7\(f), T2(t\ 0(0, pv(t), pt(t\ and
p(t)9 one has the seven algebraic relations Eqs. (1-4), (15a),
(15b), and (16). In these equations, the time t serves as a
parameter, and, in general, iteration is required for a solution
to be evolved in view of the nonlinearity. The quantity pv(f)
may be eliminated in terms of the listed unknowns by use of
Eqs. (2) and (lib); Vg(f) may be eliminated by use of Eq. (10);
and an empirical relation (i.e., an equation of state) for pi[Tl9p]
is implied to be given [see Eqs. (12-14)]. The following quanti-
ties defined at the onset of heating also are to be furnished:
H0( = ;c0L0), r0( = 00), and />0, along, of course, with the spec-
ified parameters mv, mh L0, a, Ql9 Q2, a2, (cp)v9 (cp\, etc.

Finally, the liquid can so expand under heating that the
volume occupied by the ullage is reduced to nil. The solution
for the pressure rise is pursued, at most, only to this circum-
stance. Further heating of the liquid leads to a pressure rise of
the liquid under almost constant-volume conditions until a
critical pressure is reached and the container bursts, but this
interval is not examined here. The heating rate of the liquid
exceeds that of the container, but the heat capacities are typi-
cally such that the temperature of the container exceeds that of
the liquid; hence, under high heating rates, the onset of vapor
bubbles and incipient boiling should be considered, but is not
discussed further here.

Presentation of a few numerical examples is deferred until
after the formulation of the pressure-rise problem for the large-
ullage case in the next section.

Pressure Rise from Interphase Mass Transfer:
The Large-Ullage Case

For the case in which the axial extent of the ullage is com-
parable to the depth of the liquid in the tank, vaporization of
the liquid under heating results in an increased mass of gas in
the ullage with time, with little increase of the ullage volume.
The pressure rise in time now is sought for this case, in which
provision for the spatial (specifically, axial) gradient of the
temperature in the liquid is retained. This procedure is appro-
priate because the small thermal diffusivity of the liquid implies
that the latent heat of phase transition, associated with vapor-
ization of the liquid, is extracted from a thin layer of liquid
contiguous to the two-phase interface. The thermal boundary
layer thickens in time as O^f)172, where K{ is the thermal diffu-
sivity of the liquid. However, the time interval of interest is
limited so that distances of O[(Kvf)112] are appreciably smaller
than the depth of the liquid phase, conveniently taken to be of
semi-infinite extent.

Just as corrections owing to spatial gradients and interphase
mass transfer were ignored for convenience in the previous
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section, in which the pressure rise was primarily caused by
changes of liquid properties with thermodynamic state,
analogously, changes in liquid properties with thermodynamic
state are neglected in this section, since the pressure rise is
primarily caused by interphase mass transfer.

Since the solid casing does not enter prominently into the
discussion in this section, the subscript unity on the symbol for
temperature in the liquid can be discarded: ^(z,/) -> T(z,t).

The coordinate system is chosen such that the plane z = 0
lies at the gas-liquid interface at all times t > 0. In this coordi-
nate system, the equation for conservation of energy in the
liquid phase, taken to occupy the domain 0 > z > — oo, is
given by

0r
"07"

dT
1 dz'

d2T
(18)

where kl is the (constant) thermal conductivity of the liquid.
The interphase mass transfer m = m(t), where

= Pi"i (0 = PP( (19)

On the other hand, the gas phase is confined to the domain
h(f) > z > 0, where h(Q) = h0 = jc0L0. In fact,

h(i)=hQ
f

Jo Wl '' *'
(20)

where the increase in ullage depth in time is O(pv/pl)9 and a
term of this magnitude is ignored in writing Eq. (18), so
h(f)=h0.

The thermodynamic state in the ullage is taken to be spa-
tially uniform, and the mass of Vapor in H0 > z > 0 is given by

m(f) = = hQpv(f) (21)

where the overdot denotes a total derivative with respect to
time. Since the gas is taken to be saturated with vapor at all
times (unless a contradiction arises),

pv(t) = Pv[0(t)} = Pv(t}RvO(t\ Rv = R/mv (22)

From Eqs. (1-3), it is evident that knowledge of 0(0 yields p(t\
since {/?(0) =Po = (Pi)0 + Py[00]}

At the two-phase interface,7'8 continuity of temperature
holds at

T(0,0 = 0(0 (24)

Also, continuity of enthalpy flux at z = 0 is given by Eq. (25),
if Cp is the heat capacity of the vapor (the subscript v used in the
previous section is dropped in this section), and if L0 (not to be
confused with the tank height introduced in the previous sec-
tion) is the latent heat of phase transition at a reference temper-
ature Tn,

(25)

(26)

or, by Eq. (24),

dt

Here

(cp - ,t) - T0] (27)

where, in general, cv > cp, so L[r(0,0] < L0 for 7(0,0 > ?o- In
fact, caution is necessary so that the analysis is not extended
beyond the triple point, where distinction of the gas and liquid
does not exist. From Eqs. (21-24),

R. 7X0,0
37XO.Q

(28)

(29)

From Eqs. (27-29), Eq. (26) is a constraint on 7(0,0, albeit a
highly nonlinear one.

The boundary /initial- value problem for T(z,r) is given by
Eqs. (18) and (26), and the following two constraints:

r(z,o) =
(30)

(31)

That is, the reference temperature for the enthalpy is the (uni-
form) initial temperature.

The problem may be rephrased usefully in terms of @(z,r),
where

so that, if K{ =

00 m 00
dt Pi dz

d2®
1 0z2

0(-oo,0=0, 0(z,0)=0

(32)

= 0, 0 > z > - o o (33)

(34)

00(0,0

(35)

The notation is such that

m(f) = m[T(f)} = m[T0 + (QJcJt + 0(0,0] (36)

and similarly for rh(f), with the obvious addition that

00(0,0
dt

=
dt

(37)

The nonlinear term9 in Eq. (33) is anticipated to be small
relative to the other two terms, i.e.,

where (PV/PI) =£ < 1. Hence, it is adopted that

00 020
(39)

and the smallness of the omitted term is confirmed a posteriori.
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Fig. 2 Ullage fraction, x(t}, for the small-ullage-case parameters.
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Fig. 4 Interfacial deviation temperature, H(0,f)» for the large-ullage-
case parameters.
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Fig. 3 Total pressure, p(t), associated with the cases presented in Fig. 2.

Equation (35) is rewritten in the shorthand

(40)

From Carslaw and Jaeger,7

-0(o,o=—^Ml/ Jo
l-dx (41)

This Volterra integral equation is amenable to numerical solu-
tion by Picard iteration (n =0,1,2,3,.. .), although conver-
gence is obtained for only small enough heat transfer at the
interface for a short enough interval of time

v 1/2 ft
1 I

k^n11 J0 ('- dx (42)

where subscript x denotes partial differentiation. The choice
©(0)(0,x) = Q is convenient; for this trial, with the saturation

vapor pressure in the form of Eq. (6) with C = D = 0,

n**-c,Q'-

(43)

The quantity &"\0,0) may be assigned by extrapolation from
values at finite time.

Numerical Examples
In all cases to be examined, the casing is taken to be of

aluminum, the liquid is taken to be unsymmetrical dimethyl
hydrazine (UDMH) and the gas present for pressurization is
taken to be nitrogen. The pertinent thermodynamic properties
of these substances are available7'10 and will not be enumerated
explicitly below. The uniform initial temperature TQ = 300 K
and the initial total pressure pQ = 0.345 MPa; the initial (satu-
ration) vapor pressure of UDMH (Pv)0 = PV[T0] = 26.0 kPa.

First, exemplary computations are presented for the small-
ullage case discussed earlier (Figs. 2 and 3). In these computa-
tions, the heating rate of the liquid Qi = 1-2*5 x 104 J/(kg-s),
the heating rate of the casing Q2 = 8.75 x 103 J/(kg-s), and the
ratio of heat capacities y = 1.4. The initial volume
VQ — 1.5 x 10~5 m3, and the fraction of the volume that ini-
tially is ullage JCQ is taken to be either 0.05 or 0.10. The small
volume is adopted to correspond to experiments undertaken at
an available particle-beam heating facility; the results of the
experiments proved consistent with the results to be reported.
Although results are reported for a 15-s heating interval (be-
cause the melting point of aluminum is achieved at around
16 s), the calculations are of significance only until about 10 s
for several reasons: the data for the density of UDMH as a
function of temperature and pressure are not incorporated ad-
equately beyond that time, the aluminum begins to soften (so
that the simple treatment of expansivity is suspect), and the
critical point of UDMH is being approached (so that the heat-
ing of the gas may no longer be neglected). In accord with
anticipation, the rise of pressure as a function of time is signifi-
cant for the small ullage, with ullage fraction at time t in Fig.
2 referring to the ratio of the volume containing gas at time /
to the total tank volume at time /.

If, in this small-ullage case, one dispenses with the model of
adiabatic compression for the gas adopted in Eq. (16), and if,
instead, one takes the temperature of the ullage (postulated to
be saturated with vapor at all times) to be equal to the temper-
ature of the liquid, so that the entire contents of the tank are at
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Fig. 5 Total pressure, p(t), associated with the cases presented in Fig. 4.

one temperature at any time, then, in a calculation that ac-
counts for the differential expansion of the liquid and of the
casing, one obtains a pressure rise in time effectively identical
to that presented in Fig. 3. In this alternate approximation, an
attempt is made to" account for the removal of an amount of
latent heat from the liquid consistent with the interphase mass
transfer; since the treatment is spatially homogeneous, this heat
of phase transition is extracted uniformly from the entire mass
of remaining liquid.

Next, exemplary computations are presented for the large-
ullage case discussed earlier (Figs. 4 and 5). The constant prop-
erties adopted for the liquid and the gas are as follows:
Pl = 7.86 kg/m3, c, = 7.04 x 102 J/(kg-s), k, = 3.76 x 10~2 J/
(m-s-K), cp = 3.00 x 102 J/(kg-s), and L0 = 1.30 x 105 J/kg.
The heating rate of the liquid Ql = 6.00 x 103 J/(kg-s), and the
initial depth of the ullage h0 is taken to be either 0.005 m or
0.035 m. A sevenfold increase in h0 has no significant effect on
results. The temperature at the two-phase interface is altered
very modestly from the temperature in the bulk of the liquid,
therefore, results obtained from a very simple equilibrium solu-

tion, with the temperature at the interface determined from
volumetric heating, have been shown to suffice. While the heat-
ing rate of the liquid has been reduced to half that for tjie
small-ullage case, still the pressure rise is roughly 10% of the
initial pressure in the large-ullage case, whereas it is over 200
times the initial pressure in the small-ullage case over the same
15-s heating interval.

Acknowledgments
The authors are grateful to David Lewis for suggesting the

problem. They are indebted to George Carrier for several dis-
cussions of the problem. They also wish to thank Janet Hixson
for preparation of the manuscript and Asenatha McCauley for
preparation of the figures.

References
'Evans, R. D., The Atomic Nucleus, McGfaw-Hill, New York, 1955,

Chap. 22.
2Ingham, D. B., "Flow Past a Suddenly Heated Vertical Plate,"

Proceedings of the Royal Society of London, Vol. A402, Nov. 1985, pp.
109-134.

3Williams, J. C, Mulligan, J. C, and Rhyne, T. B., "Self-Similar
Solutions for Unsteady Free-Convective Boundary-Layer Flow on a
Vertical Plate," Journal of Fluid Mechanics, Vol. 175, Feb. 1987, pp.
309-332. .

4Zemansky, M. W., Heat and Thermodynamics, 5th ed., McGraw-
Hill, New York, 1968, p. 360.

5Bush, W. B., Fendell, F. E., and Muirhead, L. P., "Pressure Rise in
a Liquid Fuel Tank Owing to Volumetric Heating," TRW Space &
Technology Group, Redohdo Beach, CA, July 1987.

6Batchelor, G. -K., An Introduction to Fluid Dynamics, Cambridge
Univ. Press, London, 1967, Sees. 1.5, 1.7, 1.8.

7Carslaw, H. S. and Jaeger, J. C., Conduction of Heat in Solids, 2nd
ed., Clarendon, Oxford, 1959, p. 76.

8Emmpns, tt. W., "The Film Combustion of Liquid Fuel," Zeits-
chrift fur angewandte Mathematik und Mechanik, Vol. 36, Jan.-Feb.
1956, pp. 60-71.

9Carrier, G. F., Fendell, F. E., and Feldman, P. S., "Wind-Aided
Flame Spread Along a Horizontal Fuel Slab," Combustion Science and
Technology, Vol. 23, July 1980, pp. 41-78.

10March, W. R. and Knox, B. P., "USAF Propellant Handbooks.
Volume 1: Hydrazine Fuels," Air Force Rocket Propulsion Lab.,
Edwards Air Force Base, CA, TR-69-149, March 1970.


